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of China 
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Abstract. Differential realizations of the spl(2.1) superalgebra on the spaces of homo- 
geneous and inhomogeneous polynomials and the corresponding boson-fermion realiza- 
tions are studied. The new indecomposable and irreducible representations of the spl(2.1) 
superalgebra are given on subspaces and quotient spaces of the universal enveloping 
algebra of Heisenberg-Weyl superalgebra. All the finite-dimensional irreducible rep- 
resentations of the sp l (2 , l )  superalgebra are naturally obtained as special cases. 

1. Introduction 

Lie superalgebras have become increasingly important in nucleh physics, super- 
unification, and in supergravity [l-31. Recently, Turbiner and Ushvendze [4] have 
discussed the quasi-exactly solvable problems in quantum mechanics. A connection of 
quasi-exactly solvable problems and finite-dimensional inhomogeneous differential 
realizations of Lie algebras (or superalgebras) has been described at the first time by 
Turbiner [5 ] .  The key to the settlement of the quasi-exactly solvable problems ties in 
studying finite-dimensional inhomogeneous differential realizations of Lie superalge- 
bras. The case of some superalgebras has been considered by Shifman and Turbiner 
[6] and recently by Turbiner [7]. This paper of Backhouse [8] has also described one 
way of obtaining differential realizations of superalgebras. In the present paper we 
shall be concerned with the sp1(2,1) superalgebra. The purpose of the present paper is 
to derive further inhomogeneous differential realization of the spl(2,l) superalgebra 
on the space of inhomogeneous polynomials employing variable substitution tech- 
nique on the basis of the homogeneous differential realization. We then consider their 
corresponding relations of C-number differential operators and boson creation and 
annihilation operators, of Grassmann number differential operators and fermion 
creation and annihilation operators respectively. The Corresponding boson-fermion 
realizations of the spl(2,l) superalgebra are obtained in terms of homogeneous and. 
inhomogeneous differential realizations. The indecomposable representations of Lie 
superalgebras are well known to play a crucial role in describing unstable particle 
systems [9]. It is quite a valid approach to employ the boson-fermion realizations of 
Lie superalgebras in order to study their indecomposable representations [lo-131. In 
the present paper we shall study indecomposable representations of the spl(2,l) 
superalgebra on the universal enveloping algebra of Heisenberg-Weyl superalgebra, 
and on its subspaces and quotient spaces using the inhomogeneous boson-fermion 
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realization of this superalgebra. All the finite-dimensional irreducible representations 
of the spf(2,l) superalgebra are naturally obtained as special cases on the subspaces of 
generalized Fock space. 

2. Homogeneous differential realization and corresponding boson-fermion 
realization of the spl(2,l) 

In accordance with Scheunerl et al [14] the generators of the spl(2,l) superalgebra 
read as follows: 

{Q3,Pc,Q-,B6spl(2, 1)0lt’+, V - ,  Wt, W - ~ s p K 2 ,  1)9 (2.1) 
and satisfy the following commutation and anticommutation relations: 
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In order to study differential realization of the spl(2, l )  superalgebra on the space 
of homogeneous polynomials. introducing four independent variables p I ,  p2, El, t2 
wherepl, p 2  are C-numbers and El, E2 are Grassmann numbers respectively, we regard 
them as the basis of representation space, i.e. 

I 1 w, = z ( ~ , a i a ~ ~ + ~ ~ a i a p ~ )  w- = - z w m p 1  -p2aiat22). 

It is easily proved that the generators thus represented satisfy all the commutation 
and anticommutation relations of the spl(2, l ) .  Substantially, (2.6) is a differential 
realization on the space of homogeneous polynomials of degree one, i.e A I =  
G1,p2, E , ,  &}. For the space of homogeneous polynomials of degree n, 

A, = v?p?t?E?lil ,  i2 E Zt , k, ,  k2 = 0.1 and i, t i2 + k,  + k2 =n} (2.7) 
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where Z+ denotes the set of all non-negative integer, it carries the direct product 
representation of the spl(2, l), 

degree n 

where F stands for any generator of the sp1(2.1), we can obtain its differential 
realization l? on A,,. It is easy to check that p =  F. 

Consider their corresponding relations of C-number differential operators 
(,U;, and boson creation and annihilation operators (b t ,  bi) ,  

b: W i  b,@a/ap; 

[bi, by]=6;j  [alaP;,Pjl=6;j 

[a/aPi, a/aPjl= b;,P,I =o 
[bi, bj]  = [b:, b,? ] = 0 

(2.10) 

and of Grassmann number differential operators (E i ,  ala&) and fermion creation and 
annihilation operators (U: ,  U ; ) ,  respectively, 

a: HE; aiHaiagj 

(2.11) 

The corresponding homogeneous boson-fermion realization of the spl(2,l) is 
obtained in terms of two pairs of boson operators and two pairs of fermion operators 
as follows: 

Q,=g(btb,  -b:b2) B = + ( u : u ~ - u : u ~ )  

(2.12) Q+=b:b2 Q- = b:b, 
1 1 

V+ = 3 ( b : u l + a : b 2 )  

W+ =%(b:a2+a:bd W- =-gj (U:bi-b:a2). 

V-  = -3 (atbl-  bzal) 

1 1 

3. Inhomogeneous differential realization and corresponding boson-fermion 
realization of the spl(2,I) 

In order to get differential realization on the space of inhomogeneous polynomials, we 
introduce three new independent variables ( x ,  y,, y 2 )  and employ variable substitution 
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where x is a C-number and y, ,  y2 are Grassmann numbers respectively. Clearly, the 
basis of A. becomes 

p?P?&?*x'v;Y?Y2 i l+k l+k2=0 ,1 , .  . . , n .  (3.2) 
Let 

A ;  ={x'@;y$y$lil + k ,  + k2=0, 1 ,  . . . , n, il E Z + ,  kl ,  k2=0, 1) (3.3) 
then A:, is a space of inhomogeneous polynomials. 

Using (2.6), (3.1) and the following definition 
F(X'v;yfly:2) = (PX'1)p;yfIyp + x y  Pp;)y:ly:2 +x'!U;(Py$)y:2 

+x'@;yi(Py$)  (33.4) 
we get the inhomogeneous differential realization E of the spI(2,l) on A:, 

a,= - fn+xa/ax++yla/ay,  ++y'y2aldy2 

~ = + ~ ~ a i a ~ , - : y ~ a i a y ,  
(2, = IIX- x2alax - xy,alay, - xy,alay, 

Q- = alax 
1 1 1 1 

Y, =fi ny, + -xa/ay, - ~ y , x a l a x  --y2y,alayl v2 v2 

(3.5) 

1 1 w-= --y1 a l a x + ~ a l a y l .  v2 
It is worthy of note that p, is a cofactor in the basis of A;. Granted that we extend 

the non-negative integer n to any real number, one still gets (3.5). 
With a similar way, considering their corresponding relations of C-number 

differential operators (x ,  alax)  and boson creation and annihilation operators (b*, b),  
and of Grassmann number differential operators (y , ,  a IayI ;y2 ,  slay,) and fermion 
creation and annihilation operators (a? ,  a,;  a:, a2 )  

bt @x b G 4 l a x  (3.6) 
a : W ,  a , w a / a y ,  (3.7) 
a:ejy2 a,(Salay, 

we can get the corresponding inhomogeneous boson-fermion realization, 

&,= - i n  + bib + :a:a, +$a$a2 

B=+a;a,-+a;a, 

Q, =nbt - b+'b - b'a:al - b+a;az 

&-=b 
13.8) 
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1 1 1 1 
Y,  ==na: += b+al -3 a,’bl‘b -%a:a:a, 

Y- = - T a : b + G a l  t 2  
1 1 1 1 

W+ == na: +- b + a 2 - 3  aTb’b --a+a+a 

W- = - 3 a:b + %a2. 

1 1 

v 2  d 2 1 2 2  
1 1 

Obviously, we use only one pair of boson operators and two pairs of fermion 
operators in obtaining inhomogeneous boson-fermion realization. 

4. Indecomposable representation of the spl(2,l) 

Consider (1 + 2) state Heisenberg-Weyl superalgebra H {b+, 6 ,  a:, a ] ,  a:, a*, E} 
where E stands for the unit operator. According to the Poincare-Birckhoff-Witt 
theorem, we choose for its universal enveloping algebra Q a basis 

{p(k,  I ,  a,,,&, a 2 , ~ 2 . f ) = b + k b b ‘ l l ~ “ ~ ~ a ~ ~ ~ a ~ E ’ ( k , I , t ~ Z + , a l , ~ l , a 2 , ~ 2 = 0 ,  1). (4.1) 
Each vector in the space of Q is a linear combination of the basis with complex 
coefficients. Then, we consider an extension 0 of the space Q. in which each element 
is a linear combination of the basis whose coefficients are elements of the Grassmann 
algebra G. 

f ( b + ) d k ,  1, ai,Pi. a2,P21 f ) = d k +  1,1, ai,Bi. az,P2,t) 

The representation of the superalgebra H on the space of 51 is defined as 

f ( b ) ~ ( k , [ , a l , B , , a 2 , P 2 , f )  

fW )&, L al,PI, a 2 - P ~ ~  1) = (1 - a l ) d k  I, + 1, PI, a2,B2, 0 
f ( a l ) d k L a l . P ~ ,  a ~ ~ B 2 , f )  

f(a:)v(k 1, al ,P1 ,  a2,P2, f )=( -1Y1+W -ad&, 1, a l , B I ,  a2+ lrP2, 1) 

f ( a 2 ) d k  1, al,B1, a2.8, f) =(-1)D’+bi+a2 @, [, al ,PI .  a2,P2+ L 4  

= d k  [+ 1, a,,PI, a2,P2, t)+k&- 1, I ,  al,PI, a2,P2, t +  1) 

(4.2) 

= (- I Y l d k ,  1, al,  P I  + 1, a2. PI, 0 +alrp(k, [. a1-L PI, a2, P2, t +  1) 

+(-1)”l+Dla2v(k, i,al,P,, az-l,P2,t+ 1). 

Now, we consider the quotient space V with the basis 

v =  (Q/9:{&, 1, al.PI. a2,P2) =&, 1, al.P1, aZ.P2, 0) mod 1 

corresponding to the two-sided ideal 1 generated by the element E - 1. 
x k ,  [E z’, a I ,  PI, a,, P2= 0,11 (4.3) 

The representation (4.2) induces the new representation on the space of V 

f ( b + ) d k  1, al.PI3 a2,82) = d k +  1,L al,BI, a2.B2) 
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- ;z (- 1 p  +"(1-  a2)q(k + 1, I +  1 ,  at, PI, a2 + 1, p2)  
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1 + 3 (- 1)"~'~~'"Wc + 1.1, a, ,  PI, a2, p2+ 1) 

(-l)"l+BLa2dk+ al,BI, a2-  I./%) += 
-= (1 -a1)@+ 1 7  I+ 1, a ,  +l,BI, a 2 9 P 2 )  

1 

1 

1 -3 (- 1YZQ - a , )  (1 - a2)91(k, 2, al + 1, PI, a2 + 1, P2 + 1) 

1 
L(W-)v(k, 1, aI,Bl, a 2 . B 2 ) = ~ ( - 1 ) ( 1 ~ + 8 ~ t a ~ ~ ( k ,  1, al,BI, a2,B2+ 1) 

1 
v2 

1 

+- ( - l Y l t D l ~ 2 d ~ ,  2, a,,&, a2- 

-=(I - a , ) d k 1 + 1 ,  a,+l,P,,a2.82) 

1 
- ~ ~ ( 1 - a 1 ) & - L  1, al+l,P1, a2,B2). 

From (4.6), it follows that the sum (2+BI + B 2 )  does not decrease under the action of 
the representation L and the subspace 

v ,=Idk ,  2, at ,P~ ,  a2,B2) E vl f+PI  + P 2 3 m }  
is invariant, for which no invariant complementary subspace exists. Thus, the 
representation given by (4.6) on the space Vis indecomposable. 

The generalized Fock space is defined as a quotient space of V 

Y=(V/J): {pl(k, a ~ ,  a2)=q(k ,O,  al,O, a*, 0) mod J l k r Z + ,  a l ,  a2=0, 1) 

where J is the left ideal generated by the element b -A, a, - q1 and a, -q2, A is a 



1 
-3(-1p(1-a2),lq(k+1, a, ,  a 2 t  1) 
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1 1 -- vz(l - a l ) b ( k 3  a ] +  1, a ~ ) - ~ ~ ( 1  - a ~ ) k d k -  La ,+  L a d .  

The representation given by (4.7) is an infinite-dimensional irreducible represen- 
tation for the cases 1+0, q l # O  or q z # O .  When L = O = q 1 = q 2 ,  the representation 
(4.7) becomes 

1 1 
--(-IF@- k - a , ) ( l  -a,)q(k, CL,, a,+ l ) + ~ a 1 p ( k +  1, a,- 1, a?) - v 2  

1 1 
L(V-)q(k, a], a 2 ) = z a l p ( k ,  aI- 1, a,) -z(-lP(l -a , )kp (k -  1, a,, a,+ 1) 

L P +  ) ~ ( k  ai,  a d  
3 1 

=fi (n -k- a2) (1 - a l ) p ( k ,  a, + 1, a 2 ) + z  (-Wa&+ 1, a ~ ,  a2- 1) 

LW- M k ,  alr ad=z(-1Pa2v@, a,, az- 1) -z(l -a,)@@- 1, at + 1, az).  
1 1 

We can easily see that the representation (4.8) is an infinite-dimensional irreduc- 
ible representation when n e Z + .  Obviously, the invariant subspace exists when 
n e Z + ,  

Y(n): @(k, a,, a 2 ) E Y l k + a i + a 2 ~ n ,  k ~ Z + , a ~ , a , = O ,  1) 

dim Y(n) = 4n (4.9) 
and there is no invariant complementary subspace. Thus, the representation (4.8) is 
indecomposable. Restricting the representation given by (4.8) to the invariant 
subspace Y(n),  we can obtain a finite-dimensional irreducible representation of the 
spl(2,l). We shall discuss it in detail in the next section. 

5. Finite-dimensional irreducible representation of the sp1(2,1) 

For the sake of simplicity, we re-define the basis of Y(n) as 

Ij, m, a,, az)= lI[(j+m)!(j-m-al)!(j-m-az)!]'np(j+m, a,, a2) (5.1) 
j= (+) n=O, 3, 1, . . . 
m = - j ,  - j + l , .  . . , j  when a, =0, az= 0 
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m= - j ,  - j+ 1 , .  . . , j -  1 
m = - j ,  - j + l . .  . . j -  1 

m = - j ,  - j + l , .  . . , j - 2  

wardly obtained with the help of (5.1) and (4.8). One finds 

when a, = 0, a,= 1 

when a ,  = 1, a,=O 

when a , = 1, a, = 1 .  
The action of the generators of the spl(2.1) on the new basis vector is straightfor- 

L(Qdl i ,  m,  a,, ad= ( m  

1 
( - 1 p ( 1 - a 2 ) [ ( j - m +  1 -a , ) ( j+m)]"21j ,m- l ,a , ,  a 2 + l )  -75 

1 
LW+ ) lj, m, a 1, a d  = 3 ( 1  - all ( j  - m - a2 ( j  - m - a ,  )-"j, m, a ,  + I .  a , )  

1 
+ 3 ( - 1 ) " l a 2 [ ( j + m  + l ) / ( j - m  - al)]l/zlj,  m + 1 ,  a,, a,- 1) 

1 
L(W-) l j ,  m,  a ] ,  ad =- (-1Pa2(j- m + 1 - a2)'"l j ,  m, al ,  a2 - 1) v 2  

1 
- z ( l - a l ) [ ( j - m +  1-u2) ( j+m)] '" l j ,m-  1,a,+ 1,a2). 

It is fairly straightforward to check that the above irreducible representation of the 

As an example, we write ( 2 + 2 )  dimension irreducible representation of the 
spl(2,l) has a finite dimension 8j. 

sp1(2,1), when j = f ,  that is, 

L o  0 0 OJ Lo 0 0 1/21 
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0 0 0 0  0 0 I N 2  0 

0 0 0 0  0 llV2 
r o  o o 07  

It is easy to see that this ( 2 + 2 )  dimension irreducible representation L is 
substantially the representation D that is chosen for constructing inhomogeneous 
differential realization of the spl(2,l). 

We have obtained the homogeneous and inhomogeneous differential realizations, 
the corresponding boson-fermion realizations of the spl(2,I) and its indecomposable 
and irreducible represenations. All the finite-dimensional irreducible representations 
of the spl(2,l) can be naturally obtained on the subspace of the generalized Fock 
space. Our method can be generalized to any Lie algebra (or superalgebra). 
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